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ABSTRACT: - Let D # 1 is a positive non-square
integer. In this paper, we obtain some formulas for
the integer solutions of the Pell equationsx? —
Dy? = +390625.
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INTRODUCTION

Pell’s equation is a Diophantine equation of

afor x2—Dy?=1,x,y€Z, where d is a given
naturalnumber which is not a square

Pell’s equation x? — Dy? = 1 was solved by
Lagrange in terms of simple continued fractions.
Lagrange was the first to prove that x> — Dy? =1
has infinitely many solutions in integers if D = 1 is a
fixed positive non-square integer.

The equationx? —Dy? =N, with given
integers D and N and unknowns x andy, is called
Pell’s equation. If D is negative, it can have only a
finite number of solutions. If D is a perfect square,
say D = a?, the equation reduces to (x — ay)(x +
ay) = N and again there is only a finite number of
solutions. The most interesting case of the equation
arises when D # 1 is a positive non-square.

If the length of the period of VD is 1, all
positive solutions are given by x =P, _; and
Y = Qyyr—1, if k is odd, and by x =P, _; and
Y = Qu—1 if k is even, where v=1,23,4...... and
= denote the n'* convergent of the continued

n

fraction expansion of +/D. Incidentally, x =
Poy—1)e-1 ad Y = Qp—1)(k—1)

v=1234%.... are the positive solutions of
x? — Dy? = —1 provided that 1 is odd.

There is no solution of x? —Dy? =41
other than (x,,v,):v=1,23..... given by (x, +
Dylv=xv+Dyv where xI,yithe least positive
solution is called the fundamental solution.

For completeness we recall that there are
many papers in which are considered different types

of Pell’s Equation. Many authors such as
Tekcan[1],[6], Amara Chandoul [2],[3], A. S.

Shabani [4], Matthews[5], Kaplan and Wiiliams [7]
considered some specific Pell Equations and there
integer solutions. A. Tekcan in [1] considered the
equation x? — Dy? = +4

And he obtained some formulas for integer solutions.
In this paper we extend the work of Amara Chandoul
by considering the Pell Equation x2 — Dy? =
390625

When D # 1 be a positive non- square integer.

THE PELL EQUATION x? — Dy? = 390625

THEOREM: 1
Let (x,;) be the fundamental solution of
the Pell equation x> — Dy? = 390625 and let

U, _

(vn) -

X1 D}’1>n 1

<}’1 X1 (0) @

For n > 1. Then the integer solutions of the Pell

equation x* — Dy? = 390625 are (x,, y,)
Where ()

Un Un

_(625"_1'625"_1) @
PROOF:
We prove the theorem using the method of
mathematical induction.

For n=1, we have from (1)

U\ _ (x1 Dyi\(1

(Ul) - <y1 X4 >(0)

(m v)=0(1 V1)
Which is the a Fundamental Solution of

x% — Dy? = 390625
With the assumption that the Pell equation

x? — Dy? = 390625 is satisfied for (x,_; y,_1);

) (un-1)*~D(wp-1)*

(ie) xy® = Dy,® = =
xn—l2 _Dyn—lz =

390625 )

To prove that the Pell equation

x? — Dy? = 390625 is true for (x,, y,,).
(un) _ (xlun—l + DJ’1Un—1)
Un YilUp—1 T X151
Uy = XUp_1 + DY1Vy 15 Uy = Y1l + X1V

Hence,
2 — (x12-Dy1®)(n—1°-vn—_1%
(625211—2)

an - Dyn
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x,2 — Dy,% = 390625.

Hence we conclude that x,? — Dy, > = 390625.
Therefore (x,y,) is a solution of the Pell

equation. Since n is arbitrary, we get all integer

solutions of the Pell equation x? — Dy? = 390625.

COROLLARY: 1

Let (x,y,) be the fundamental solution of the
Pell equation x? — Dy? = 390625 , the

_ X1Xn—1 + Dy1Y,1
625 " Y
_Y1Xn1 + X1 Yn-1
625

xn
)

And
Xn xn—1|

Yn Yn-1
=625y, (6)

PROOF:

We know that

Uy =X U1+ Dy1vpq &
Up = YilUn—g +X1Vp1

Consequently we get ,

Uy =X1Up_1 + Dy1v, 4

o ]

X1Xn—1+Dy1 yn—1

—eon-. o snTa 7
625 ™

Similarly,
Vp = Y1lp-1 T X1Vp

D ]
1Xn-11X1 Yn-1
T ®)

And Hence,

Xn xn—1| =x,y - y.x
Vo  Vn-1 nSn-1 nn-1

Xn Xn-1
Yn Vn-1

| = —625y, .

THEOREM: 2

Let (x,y,) be the fundamental solution of
the Pell equation x? — Dy? = 390625 then (x,y,)
satisfies the following recurrence relations

2
Xn = (Exl - 1) (xn—l + xn—Z) —Xp-35
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2
Yo = (Exl - 1) (yn—l + :Vn—z) — Yn-3
©))
Forn = 4.
PROOF:
We know that,

[x1¥n—1+Dy1 yn—-1] .

Xn = 625 !
_ Iy1xn—1+x1 yn-1]
In 625

The proof will be by induction on n.

Put n = 2 in the above equation

2
Xy = —x —625 (10)
2
ya="t 11)

Using (5), (10) & (11), we get
Putn =3in(7) & (8)

4
X3 =X (390625 x? = 3) (12)
Similarly

4
V3 =MW1 (mxlz - 1) (13)

Putn =41in(7) & (8)

___ 8 4_8 2
X4 = Jaa1a0625 11 625 1 +625 (14)
Similarly,

_ 8 2_ 4
Ye =X) (244140625 *1 625) (15)

Now replacing (10), (11), (12) & (13)
in (9)

2
X4 = (Exl - 1) (X3 + xz) — X1

X4 = (é’ﬁ B 1) (x1 (3904625 x? = 3) +
2x12—-390625625—x1

___ 8 4_8 2
= Zaa140625 1 625 X1 +625 (16)

X4
2
Ya = (E’ﬁ - 1) 3 +y2) —n

v = (G0 = 1) (a1 = + g -
Y1

8 3 4
=—x - —x
Y4 = Jaata0ezs 1 Y1 T g5 XN
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Vo =

_ 8 2_ 4
11 (244140625 *1 625) a7

Equation (16) & (17) which are the same formula as
in (14) & (15).

Therefore (7) holds for n = 4.

Now we assume that (7) holds for n > 4 and we
show that it holds for n + 1. Indeed by (5) and by
hypothesis we have,

Put n=n+1in(5)

_ x1xp+Dy1yn _ [ 2
Xn+1 = = (_x1 - 1) (X, +x,1) —

625 625
Xn—2
_ X1XptX1yn _ 2
B (axl - 1) W + Y1) —
yn—Z

Completing the proof.

Then the other solutions are  (X3,,41 Y2n+1)
Where (x25,41,Y2n+1)

=

U2n+1 V2n+1
—enTl o _enTl > 0.
390625"'390625") (18) for n>0
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