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I. INTRODUCTION

A fuzzy set theory has developed in many
directions and finding application in a wide variety of
fields. Zadeh's classical paper [19] of 1965
introduced the concepts of fuzzy sets and fuzzy set
operations. The study of fuzzy groups was started by
Rosenfeld [15] and it was extended by Roventa [16]
who have introduced the concept of fuzzy groups
operating on fuzzy sets and many researchers
[1,7,9,10] are engaged in extending the concepts. The
concept of intuitionistic fuzzy set was introduced by
Atanassov. K.T [ 2,3], as a generalization of the
notion of fuzzy sets. Choudhury. F.P et al [6] defined
a fuzzy subgroup and fuzzy homomorphism.
Palaniappan. N and Muthuraj, [11] defined the
homomorphism, anti-homomorphism of a
fuzzy and an anti-fuzzy subgroups. Pandiammal. P,
Natarajan. R and Palaniappan. N, [13] defined the
homomorphism, anti-homomorphism of an anti L-
fuzzy M-subgroup.In this paper we
introduce and discuss the algebraic nature of
intuitionistic anti L-fuzzy M-groups with operator
and obtain some related results.

I1. PRELIMINARIES

2.1 Definition: Let G be a M-group. A L-
fuzzy subset A of G is said to be anti L-
fuzzy M-subgroup (ALFMSG) of G if its satisfies
the following axioms:

(1) pa(mxy) < pa(x) v pa(y),

(i) pa(x ™) <pa(x), forall xandyinG.

2.2 Definition: Let (G, -) be a M-group. An
intuitionistic L-fuzzy subset A of G is said to be an
intuitionistic L-fuzzy M-subgroup (ILFMSG) of G
if the following conditions are satisfied: (i)
Ha(MXY ) 2 pa(X)ARA(Y), (i)
Ha(X ) = pa(X),

(iii) va( mxy ) < va(X)v va(y),

(iv) va(x?) < va(x), forall x & y in G.

2.3 Definition: Let ( G, - ) and ( G', - ) be any two
M-groups. Let f: G — G' be any function and A be
an intuitionistic L-fuzzy M-subgroup in G, V be an
intuitionistic L-fuzzy M-subgroup in f (G ) = G/,
SUp ua(x)  and
xef(y)

w ) = INf va®), forall x in G and y in G.

xef(y)

Then A is called a preimage of V under f and is
denoted by f (V).

defined by puu(y) =

2.4 Definition: Let A and B be any two intuitionistic
L-fuzzy subsets of sets G and H, respectively. The
product of A and B, denoted by AxB, is defined as
AB={{(XY), pae(X ¥), vae(x y) )/ forall x
inGandy in H }, where paw( X, y) = pa(X) A pa(y)
and vas( X, Y) = Va(X) v va(y).

2.5 Definition: Let A and B be any two intuitionistic
L-fuzzy M-subgroups of a M-group (G, -). Then A
and B are said to be conjugate intuitionistic L-fuzzy
M-subgroups of G if for some g in G, pa(X) = us( g’
xg ) and va(x) = ve( g'xg ), for every x
in G.

2.6 Definition: Let A be an intuitionistic
L-fuzzy subset in a set S, the strongest intuitionistic
L-fuzzy relation on S, that is an intuitionistic L-
fuzzy relation on A'is V given by puy( X, ¥ ) = pa(x)
Apaly) and v (X, ¥ ) = va(X)v
va(y), forall xand y in S.
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I INTUITIONISTIC ANTI L-FUZZY M-
SUBGROUPS

3.1 Defintion: An intuitionistic fuzzy subset p in a
group G is said to be an intuitionistic anti fuzzy
subgroup of G if the following axioms are satisfied.

(i) Ba(xy ) < pa(X) v Ba(Y),

(if) pa(x ) < pa(x),

(iii) va(xy ) = va(x) A va(y),

(iv) va(x!) < va(x), forall xand y in G.

3.2 Proposition: Let G be a group. An intuitionistic
fuzzy subset p in a group G is said to be an
intuitionistic anti fuzzy subgroup of G if the
following conditions are satisfied.(i) pa( Xy ) < pa(x)

v ua(y), (i) va( xy ) = va(X) A va(y), for all x ,y in G.

3.3 Definition: Let G be an M-group and p be an
intuitionistic  anti  fuzzy group of G. If
pa (MX) < pa (X) and va (MX) > va (X) for all x in G
and m in M then p is said to be an intuitionistic anti
fuzzy subgroup with operator of G. We use the
phrase p is an intuitionistic anti L-fuzzy
M-subgroup of G.

3.4 Example: Let H be M-subgroup of an M-group
G and let A = (ua,va) be an intuitionistic fuzzy set in
G defined by

04;xeH
ua(x) =
0.5; otherwise
0.6;xeH
va(X) =
.3; otherwise

For all x in~G. Then it is easy to verify that A =
(1a,va) is an anti fuzzy M- subgroup of G.

3.5 Definition: Let A and B be any two intuitionistic

anti L-fuzzy M-subgroups of a M-group
(G, ). Then A and B are said to be conjugate
intuitionistic anti L-fuzzy M-

subgroups of G if for some g in G, pa(X) =
us( gxg) and va(x) = ve(g™xg), for every x in G.

3.6 Proposition: If p = (8w, A ) is an intuitionistic
anti fuzzy M-subgroup of an M- group
G, then forany x, ye Gandm & M.

() pa(mxy ) < pa(X) v pa(y),
(ii) pa(mx ) < pa(x) and
(iii) va( mxy ) = va(X) A va(y),
(iv) va(mx™®) < va(x), forall x and y in G.

3.7 Theorem: A is an intuitionistic anti L-fuzzy M-
subgroup of a M-group (G, -) if and only if

pa( mxy ) < pa(X) v pa(y) and va( mxy™) >
va(X) A va(y), forall xandy inG.

Proof: Let A be an intuitionistic anti L-fuzzy
M-subgroup of a M-group (G, ).

Then, pa(mxy ) < pa®) v pa(y™)

< pa(X) v pa(y), since A
isan IALFMSG of G.

Therefore, pa( mxy ) < pa(X) v pa(y), for all x and
yinG.

And,  va(mxy™) = va(X) A valy™?)

> va(X) A va(y), since A is an
IALFMSG of G.

Therefore, va( mxy™) > va(x) A va(y), for all x and y
in G.

Conversely, if pa( mxy ) < pa(x) v pa(y) and va(
mxy™) > va(X) A Va(y) ,

replace y by X, then, pa(X) > pa(e) and va(X)
<va(e), forall xand y in G.

Now, pa( X ™) = pa(ex ™)
< pa(e) v pa(x) = pa(x).
Therefore, pa( x ) < pa(X).

It follows that, pa(xy) = pa( X(y'™H)™)

IA

Ha(X) v pa(y )

IA

Ha(X) v pa(y).

Therefore, pa(xy ) < pa(X) v pa(y) , forall x and y
inG.
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And, va(x™) = va(ex?)
2 va(€) A va(X)
= va(X).
Therefore, va ( X™) = va(X).

Then, va( Xy) = va( X(yD?) > va®) A valyh)
2 Va(X) A Va(Y)-

Therefore, va( Xy) = va(X) A va(y), forall xand y in
G.

Hence A is an intuitionistic anti L-fuzzy
M-subgroup of a M-group G.

3.8 Theorem: Let A be an intuitionistic anti
L-fuzzy subset of a group (G, -). If ua(e) = 0 and
va@) =1 and pa( mxy ) < pa(®) v paly) and va(
mxy™) > va(X) A va(y), , for all x and y in G, then A
is an intuitionistic anti L-fuzzy M-subgroup of a M-
group G.

Proof: Let x and y in G and e is the identity element
in G.

Now, pa(x ™) = pa( ex ™) < pa(e) v pa(¥) = 0 v
Ha(X) = pa(X)

Therefore, pa( X ™) < pa(x), for all x in G.
And  va(xh) = va(ex?)
2 va(e) A va(x)

0 A va(X)

VA(X).
Therefore, va(x™) > va(x), for all x in G.
Now, pa( mxy) = pa( x(y™)™)

< pa() v pa(y )

< pa(X) v pa(y)-

Therefore, pa(mxy) < pa(X) v pa(y) , for all x and y
in G.

And, va(mxy) = va(x(y)™)
> VA(X) A Va(y™)

> VaA(X) A Va(Y) -

Therefore, va(mxy) = va(X) A va(y) , for all x and y
in G.

Hence A is an intuitionistic anti L-fuzzy
M-subgroup of a M-group G.

2.9 Theorem: If A is an intuitionistic anti L-fuzzy
M-subgroup of a M-group (G, =), then
H = {x/xeG : pa(x) =0, va(x) = 1} is either empty
or is a M-subgroup of a M-group G.

Proof: If no element satisfies this condition, then H
is empty. If xand y in H, then pa( mxy ™) < pa(X) v
na( Y™ <pa(®) v pa(y) = 0.

Therefore, pa(xy 2) = 0, forall xand y in G.
And, va(xy™!) = va(X) A va(y™)

= va(X) Ava(y), (since A is an
IALFMSG of G)

=1lnl1=1

Therefore, va(xy™) =1, forall xandy in G. We get
mxy *in H.

Therefore, H is a M-subgroup of a M-group G.

Hence H is either empty or is a M-subgroup of
M-group G.

2.10 Theorem: If A is an intuitionistic anti
L-fuzzy M-subgroup of a M-group (G, ), then
H={ xeG: pa(x) = pa(e) and va(x) = va(e)} is either
empty or is a M-subgroup of a M-group G.

Proof: If no element satisfies this condition, then H
is empty.

If x and y satisfies this condition, then pa( x ™) =
Ha(X) = Ha(€), va(X™) = va(X) = va(e)

Therefore, pa(x ™) = pa(e) and va(x™) = va(e).
Hence x *in H.
Now, pa( mxy™) < pa(X) v pa(y ™)
< pa(X) v paly)
= pa(e) v pa(e) = pa(e).

Therefore, pa( mxy™) < pa(e) , for all x and y in G--
-().

And, pa(®) = pa( y Hxy™H?)
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< paOxy™) v pa( (xy™™
< paly™) v palxy™)
= pa(xy™).

Therefore, pa(e) < pa(xy™), for all x and y in G----
).

From (1) and (2), we get pa(e) = pa( xy™).
Now, va(mxy™) 2 va(X) Ava(y ™)

2 Va(X) A Va(Y)

= Va(€) A va(€) = va(e).

Therefore, va( mxy™) = va(e) , for all x and y in G---

-(3).
And, va(€) = va( (xy )(xy™)™)
>va(xy ™) A val(xy™h)?)
> va(xy™) A va(xy™)
= va(xy™).

Therefore, va(e) > va(xy™), for all x and y in G-----

(4).

From (3) and (4), we get va(e) = va(xy™).
Hence pa(e) = pa(xy™) and va(€) = va(xy™).
Therefore, mxy™in H.

Hence H is either empty or is a M-subgroup of a M-
group G.

2.11 Theorem: Let (G, -) be a M-group. If A is an
intuitionistic anti L-fuzzy M-subgroup of G, then

Ha(Xy) = pa(X) v pa(y) and va( Xy ) = va(x) A va(y)
with pa(x) = pua(y) and va(x) = va(y), for each x and
yinG.
Proof: Let x and y belongs to G.
Assume that pa(X) < pa(y) and va(x) > va(y).
Now,  pa(y) = pa(X'xy)

<pa(xh) v pa(xy)

< pa(X) v pa(xy)

= pa(xy)

< pa(X) v pa(y)
= pa(y).

Therefore, pa(xy) = pa(y) = pa(X) v pa(y), for all x
andyinG.

And, va(y) = va(x'xy)
> va(X1) A va(xy)
> va(X) A Va( Xy ) = va(Xy)
2Va(X) A Va(Y) = va(y).

Therefore, va( Xy) = va(y) = va(X) A va(y), for all x
andyinG.

2.12 Theorem: If A is an intuitionistic anti L-fuzzy
M-subgroup of a M-group G, then (i) pa(xy) =
ka(yx) if and only if pa(x) = pa(y'xy), (ii) va(xy) =
va(yx) if and only if va(X) = va(y
xy), forxandyinG.

Proof: Let x and y be in G.

Assume that pa(xy) = pa(yx), we have

Ha(Y XY ) = Ha(Y'YX ) = pa(eX) = pa(x).

Therefore, pa(X) = pa(y'xy ), forall x and y in G.
Conversely, assume that pa(x) = pa( y'xy ),

we have pa( Xy ) = pa( Xyxx™) = pa(yx).

Therefore, pa(xy) = pa(yx), forall xandy in G.
Hence (i) is proved

Now, we assume that va(Xy) = va(yx),

we have va(y'xy ) = va(y'yX) = va(ex) = va().
Therefore, va(x) = va(y'xy ), forall xand y in G.
Conversely, we assume that va(x) = va( y'xy ),

we have va( Xy ) = va( xyxx™?) = va(yx).

Therefore, va(xy) = va(yx) , forall xand y in G.
Hence (ii) is proved.

2.13 Theorem: Let A be an intuitionistic anti
L-fuzzy M-subgroup of a M-group G such that
Impa={al}and Imva={p} whereaandp in L.
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If A =BuUC, where B and C are intuitionistic anti L-
fuzzy M-subgroups of G, then either B < C or C < B.

Proof:

Case () : Let A=BuC={{(x, uaX), vax) )/
xeG },

B={{X ), ve(X) ) / xeG }and C = { (X,
ue(X), ve(x) ) /1 xeG }.

Assume that ug(x) < uc(x) and pg(y) > pc(y), for
some x and y in G.

Then, a = pa(X) = peuc(®) = me(X) A pe(X)
= () >
pe(X).

Therefore, a > pc(x), for all x in G.

And, a = pa(y) = peuc(y) = ua(y) A pe(y)
= pe(y) > ps(y)-

Therefore, a > pg(y), for all y in G.So that,
pe(y) > pe(x) and pg(x) > ps(y)-

Hence ug(xy) = us(y) and pc(xy) = pe(x).

But then, o = pa(Xy) = teoc(Xy) = ue(Xy) v uc(xy) =
ue(y) v pe(X) < o =mmmmmmemee- ).

Case (ii): Assume that vg(X) < vc(X) and vg(y) >
ve(y), for some x and y in G.

Then, B =va(X) = veuc(X) = va(X) v ve(X) = ve(X) <
ve(X). Therefore, B < ve(X), forall x in G.

And, B = va(y) = vauc(y) = ve(y) v ve(y) = vely) <
ve(y).

Therefore, B < wvg(y), for all x in G. So that,
ve(y) < ve(X) and ve(x) < vg(y).

Hence vg(xy) = vg(y) and vc(Xy) = ve(X).

But then, B = va(Xy) = veuc(Xy) = va(Xy) v ve(Xy) =
VB(Y) VV(X) > B -mmeemnnneees ).

It is a contradiction by (1) and (2).
Therefore, either B = C or C B is true.

2.14 Theorem: If A is an intuitionistic anti
L-fuzzy M-subgroup of a M-group G and if there is a

sequence {x,} in G such that |jim) { ra( Xa) v pa(

n->a

%2) }=0 and |jm { va( X2 ) A va( %a) 3 = 1, then

n—-a
pa(e) = 0 and va(e) = 1, where e is the identity
element in G.

Proof: Let A be an intuitionistic L-fuzzy
M-subgroup of a M-group G with e as its identity
element in G and x |n G be an arbitrary element. We
have x in G implies x™* in G and hence xx*
=e

Then, we have pa(e) = pa( Xx™) < pa(X) v pa( xh)
< pa(X) v pa(x).

For each n, we have pa(e) < pa(X) vua(x) .

since pa(®) < [iM { #aln) v na(xe) }=0

n—-a

Therefore pa(e) =0

And,  va®) = va(xxD) = vaX) A val(x?)
= va(X) A va(X) .

For each n, we have va(e) > va(X) A va(X). Since

va@© = |Im va®a) A vata) =1

n-a
Therefore, va(e) =1

2.15 Theorem: If A and B are intuitionistic anti
L-fuzzy M-subgroups of the M-groups G and H,
respectively, then AxB is an intuitionistic anti
L-fuzzy M-subgroup of GxH.

Proof: Let A and B be intuitionistic anti L-fuzzy M-
subgroups of the M-groups G and H respectively. Let
X1 and X, be in G, y; and y, be in H.

Then ( xq, y1) and (X, ¥, ) are in GxH.

Now,

Haxe [ M(X1, Y1) (X2, ¥2) ] = paxe ( MX1Xz, My1y2)
ua( MX1 X2 ) 4 us( myiy>
{ualx) v opal )} vAus(yr) v ws(y2)
{pal) voopsly) v {ual%) vus(y2)
Paxe (X1, Y1) V Haxe (X2, ¥2).

N

1A

Therefore, paxs [ M(X1, y1)(X2, ¥2) 1 < paxs (X1, Y1) v
taxe (X2, Y2), for all x; and %, in G, y; and y, in H.

ANnd, vaxg [ M(Xy, y1)(X2, ¥2) 1

= vaxs ( MX1Xz, My1Y,)
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= va(MXiXz) A ve(My1y2)

> {va(X1) A va(%2) IA{ va(yi) A ve(y2) }

= {va(x1) A va(y1) IA {valX2) A ve(y2) }

= vaxg (X1, Y1) A Vaxg (X2, Y2)-

Therefore, vaxe [ M(X1, Y1)(X2, ¥2) 1= vaxe (X1, Y1) A
vaxg (X2, ¥2), for all x; and x, in G, y; and y, in H.
Hence AxB is an intuitionistic anti L-fuzzy
M-subgroup of GxH.

2.16 Theorem: Let an intuitionistic anti L-fuzzy M-
subgroup A of a M-group G be conjugate to an
intuitionistic anti L-fuzzy M-subgroup M of G and an
intuitionistic anti L-fuzzy M-subgroup B of a M-
group H be conjugate to an intuitionistic anti
L-fuzzy M-subgroup N of H. Then an intuitionistic
anti L-fuzzy M-subgroup AxB of a M-group GxH is

conjugate to an intuitionistic anti L-fuzzy
M-subgroup MxN of GxH.

Proof: Let A and B be intuitionistic anti L-fuzzy M-
subgroups of the M-groups G and H respectively. Let
x,x'and fbeinGandy, y*and g be in H.
Then (x, y) ,(x*, y*) and (f, g) are in GxH.
Now, Hae (f,9) = pa(f) v pe(9)
= um(XEX) v n(yg y™")
= i (XFX, yg y?)
= [ (% Y(E O ¥
| =t () (F )%, y )™

Therefore, paxs (f, 9) = pmxn %, Y) (F, )X, ¥)™ 1,
forall x, x*and fin Gandy, y”* and g in H.

And, vaxg (T, 9) = va(f) A vs(Q)
= va(Xfx) Ava(ygy?)
= v (XEX, yg y™h)

= vl (% Y)( 9)X" y)

= VMXN[ (X1 y) (f, g)(X, y )—1

Therefore, vae (f,9) = vl (% ) (F 9%, y) ™" ],
forall x,x*andfinGandy, y'andginH.

Hence an intuitionistic anti L-fuzzy M-subgroup AxB
of GxH is conjugate to an intuitionistic anti L-fuzzy
M-subgroup MxN of GxH.

2.17 Theorem: Let A and B be intuitionistic
L-fuzzy subsets of the M-groups G and H,
respectively. Suppose that e and e' are the identity
element of G and H, respectively. If AxB is an
intuitionistic anti L-fuzzy M-subgroup of GxH, then
at least one of the following two statements

(i) pe(e") < pa(x) and vg(e') = va(x), for all x in G,

(i) pua(e)<us(y) and va(e)=vg(y), forall y in H.

Proof: Let AxB is an intuitionistic anti L-fuzzy
M-subgroup of GxH.

By contraposition, suppose that none of the
statements (i) and (ii) holds.

Then we can find a in G and b in H such that

na(@ )< ps(e' ), va@) > ve(e') and pg(b) < pa(e ),
ve(b) > va(e).

We have, paxe(a, b) = ua(@) v us(b)

< pa(@) v pe(e') = pae (e, €

).
And, VaAxB ( a, b ) = VA(a) A VB(b)

> va(€) A ve(e') = vae (e, €

).

Thus AxB is not an intuitionistic anti L-fuzzy
M-subgroup of GxH.

Hence either pg(e' ) < pa(x) and  vg(e') = va(x), for
all x in G or puale ) < us(y) and
va(e) = vg(y), forall y in H.

11 - INTUITIONISTIC ANTI L-FUZZY
M-SUBGROUPS UNDER HOMOMORPHISM
AND ANTI-HOMOMORPHISM

3.1 Theorem: Let (G, - ) and ( G', - ) be any two M-
groups. The homomorphic image (pre-image) of an
intuitionistic anti L-fuzzy M-subgroup of G is an
intuitionistic anti L-fuzzy M-subgroup of G'.

Proof: Let (G, - ) and ( G/, - ) be any two groups and
f :  G-G be a  homomorphism.
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That is f(xy) = f(x)f(y), f(mx) = mf(x), for all x and
y in G and m in M.
Let V=f(A), where A is an intuitionistic anti
L-fuzzy  M-subgroup of a M-group G.
We have to prove that V is an intuitionistic anti
L-fuzzy M-subgroup of G'.

Now, for f(x) and f(y) in G', we have

pv(MFOF(y))=pv(f(mxy)),
(as fis a homomorphism)

< pa(mxy)

< pa(®) v opaly), as A is an
IALFMSG of G

which implies that py( Mf(X)f(y) ) < pv(f(x)) v p(
f(y)), forall xand y in G.

For f(x) in G', we have,

w(IFOOT)=pv(f(x ),

(as fis a homomorphism)

< pa( XY
< pa(x), as Ais an IALFMSG

which implies that py( [ f(x) 1) < pu( f(X) ),
for all X in G.

w(mf(x)f(y) ) = vu( f(mxy) ),
as f is a homomorphism

> va(mxy)

2 Va(X) A Va(Y)

as A is an IALFMSG of
G!

which implies that vy( f)f(y) ) = vw( f(X) ) A
w( f(y) ), forall xand y in G.

W L) 1) = w(f(x™)),

(as f is a homomorphism )
> va(x?)

> va(X), as A is an IALFMSG of
G1

which implies that wy( [ f(x) ) > w( f(x) ), for all x
inG.

Hence V is an intuitionistic anti L-fuzzy
M-subgroup of a M-group G'.

3.2 Theorem: Let (G, - ) and (G', - ) be any two M-
groups. The anti-homomorphic image (pre-
image) of an intuitionistic —anti  L-fuzzy
M-subgroup of G is an intuitionistic anti L-fuzzy M-
subgroup of G'.

Proof: Let ( G, - ) and ( G, - ) be any two
M-groups and f : G — G be an
anti-homomorphism. That is f(xy) = f(y)f(x), f(mx) =
m f(x), for all xandy in G and min M. LetV =

f(A), where A is an intuitionistic anti L-
fuzzy M-subgroup of a M-group G.

We have to prove that V is an intuitionistic anti
L-fuzzy M-subgroup of a M-group G'.

Now, let f(x) and f(y)eG', we have
pv(ME)F(Y)) = py( f(myx) ),
(as f is an anti-homomorphism)
< pa(myx)
< palX) Vv pa(y),

(as A'is an IALFMSG of
G)

which implies that p( Mf(X)f(y) ) < pv( f(X) ) ving(
f(y)), forall xand y in G.

For xin G, uy( [f()1™) = pv( f(x™))
< pa( X1 < pa(x), as Adisan IALFMSG of G,

which implies that py( [f(X)]?) < pv( f(x) ), for all x
in G.

And, vy(mf(x)f(y)) = vw(f(myx) )

2 va(myx) 2 va(X) A va(y) , as
Ais an IALFMSG of G,

which implies that vy ( fO)f(y) ) = vw( f(X) ) A
w( f(y) ), for all xand y in G.

Also, w([fO)T™) = vw(f(x ™))
> va(x) 2 va(x), asAisan IALFMSG of G,

which implies that vy( [f(X)]?) = vy( f(x) ), for all x
in G.
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Hence V is an intuitionistic anti L-fuzzy
M-subgroup of a M-group G'.

IV CONCLUSION

Further work is in progress in order to
develop the intuitionistic anti L- fuzzy normal
M  -subgroups, intuitionistic anti L- fuzzy
M-N-subgroup and intuitionistic anti L-fuzzy normal
M-N-subgroups.
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